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Abstract. Analytical solutions are 
presented for the deformation and 8tress 
state of a horizontally stratified earth 
subject to normal loads of size and 
wavelength that are characteristic of 
seamount s. The models investigated 
include layered elastic plates, homogen- 
eous viscoelastic plates, and elastic 
over viscoelastic models. In all cases 
the composite models overlie an inviscid 
half space. The principal advantage of 
the laminated elastic models over 
homogeneous elastic plates is that they 
can result in a substantial reduction in 
the maximum stress differences in those 
parts of the plate least capable of 
supporting large stress differences. A 
number of geophysical observations point 
to stress relaxation when the lithosphere 
is loaded on geological time scales, and 
this has been modeled with viscoelastic 
and elastic -viscoelastic models. The 
viscoelastic models explain many of these 
observations, but the stresses remain 
unrepresentative of those in the real 
lithosphere. The elastic -viscoelastic 
models, in which the parameters defining 
each layer are considered as effective 
moduli or viscosities, represent better 
the theological zonation of the earth 
with the crust being modeled by one or 
several elastic layers, the subcrustal 
lithosphere by a viscoelastic layer, and 
the mantle by an inviscid fluid. 
Observations of gravity or geoid height 
over the seamounts cannot readily discern 
between the viscoelastic and elastic- 
viscoelastic models unless detailed 
observations over the moat and arch are 
available. A summary of some estimates 
of effective flexural rigidity indicates 
that the stress relaxation is an 
important factor in determining the 
response of the lithosphere to loading. 
Introduction 
The response of the earth's lithosphere 
to surface loading is of considerable 
interest in understanding the theology of 
this layer and in understanding the 
boundary layer role of this layer in 
mantle convection. Loading of the ocean 
lithosphere by volcanic islands has 
received particular attention since the 
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work by Vening Meinesz [1941] and Gunn 
[1943]. In these and most of the 
subsequent studies the response has been 
modeled using elastic flexure theory, 
although Walcott [ 1970] attempted to 
evaluate the response for a viscoelastic 
layer overlying an inviscid fluid half 
space and this has been further developed 
by Beaumont [1978]. In the elastic model 
calculations the resulting elastic 
flexural rigidity estimates D should be 
viewed only as apparent or effective 
parameters, convenient for summarizing a 
more complex theological response of the 
lithosphere to the surface load. This 
effective flexural rigidity can be 
anticipated to be a function of at least 
three factors: (1) the age of the 
lithosphere at the time of loading, since 
this determines the thermal and hence 
theological parameters of the layer at 
this time, (2) the duration of the load, 
as this determines the stress relaxation 
that the layer may have experienced since 
the time of loading, and (3) the 
magnitude of the stress if the theology 
is nonelastic. Taken together and other 
factors being equal, these three effects 
mean that large amplitude loads, old 
loads, or loads on a young lithosphere 
result in smaller values for D than do 
small amplitude loads, young loads, or 
loads on old lithosphere. 
Several attempts have been made to 
distinguish among some of the factors 
[ e.g. , Watts, 1978; Be aumont, 1978; 
Cazenave et al., 1980] with the emphasis 
placed mainly on the dependence of D on 
the age of the lithosphere at the time of 
loading. But the results are not yet 
satisfactory because the principal 
observational source used in the above 
references for estimating D, gravity and 
geoid height perturbations, are- not very 
sensit ive to this parameter and are 
equally dependent on several other, often 
inadequately known, parameters such as 
the density structure of the load and of 
the material deposited in the flexure 
created moat as well as the degree of 
fill-in of this moat. Lambeck and 
Nakiboglu [ 1980] and Lambeck [ 1981a] 
investigated these questions further and 
concluded that the uncertainties in these 
auxilliary parameters may be such as to 
preclude satisfactory estimates of D 
based on gravity and geoid heights unless 
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other geophysical and geological 
constraints are introduced. 
Our main objection to the conventional 
elastic plate solutions is that the 
stress differences set up in the plate 
are high and it is not evident that the 
lithosphere can support such stresses for 
long time intervals [Lambeck and 
Nakiboglu, 1980]. Typically, the maximum 
stress differences are of the order of 
1.5-2 kbar per kilometer of load, and for 
some of the larger volcanic loads such as 
Hawaii or Tahiti the stress differences 
approach 10 kbar (1 kbar = 10 MPa). It 
is improbable that the ocean lithosphere 
subject to such stress differences over 
long time periods will not respond by 
either brittle failure in its upper part 
or by ductile flow in its lower regions 
where much of the plate will be in a 
state of deviatoric tension. Lambeck and 
Nakiboglu outlined a number of ways in 
which the stress difference estimates can 
be reduced by (1) using a more complete 
theory for the plate deformation, (2) 
modifying the load density, (3) assuming 
that the flexure created moat is only 
partly filled, and (4) introducing a 
depth dependent rheology (see also Lago 
and Cazenave [1981] for a discussion of 
this last aspect). Lambeck and Nakiboglu 
[ 1980] [ see also Lambeck, 1981a] 
demonstrated that the modifications 
concerning load density and variable 
fill-in could be made without contra- 
dicting the observational evidence 
for regional isostatic compensation, 
highlighting once again the frustrations 
(and, perhaps to some authors, the 
advantges) of constraining the flexure 
models from gravity or geoid data: for 
while these data generally confirm the 
concept of regional isostasy, they do not 
constrain well the nature in which the 
compensating masses are distributed. 
Apart from rheological considerations 
that anticipate a substantial relaxation 
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(1) The apparent flexural rigidity 
under the Southern Cook Island of 
Rarotonga appears to be less than under 
the marginally younger but larger island 
of Tahiti [Lambeck, 1981b]. 
(2) The apparent flexural rigidity 
under Rarotonga is greater than the 
flexural rigidity under the neighboring 
islands of Mangaia and of the Aitutaki 
Manuae Group [Lambeck, 1981b]. 
(3) The elastic flexure solutions for 
the Hawaiian Islands [Suyenaga, 1979] and 
to a lesser degree for the Society 
Islands [Lambeck, 1981a] require an 
element of local compensation, suggesting 
that there has been som•.•relaxation with 
stress below the center•6f the load. 
(4) The observed differential uplift 
of islands on the flexure created arch 
can be better explained by viscoelastic 
models than by elastic models. 
(5) The geoid signals over the Tasman 
Guyots are associated with a progressive 
change in character as the age of the 
seamount increases, again being indica- 
tive of an increasing amount of stress 
relaxation (K. Lambeck et al., manuscript 
in preparation, 1981) . This is also 
indicated by the increasing depth of the 
tops of the limestone capped Guyots with 
age. 
(6) The subsidence of islands on the 
eastern part of the Hawaiian ridge is 
suggestive of stress relaxation. 
Any one of these observations on its 
own is not particularly convincing 
evidence of a time magnitude dependence 
of D, but taken together, they do point 
to a need to investigate nonelastic 
solutions in more detail than has 
hitherto been the case. This is what we 
set out to do here by extending our 
earlier analysis of the elastic flexure 
theory to viscoelastic models and to 
elastic - viscoelastic models. Visco- 
elastic solutions have been discussed by 
Nadai [1963] , whose formalism was adopted 
by Walcott [1970] for his solution for a 
two dimensional line load. A con_ 
siderably more complete treatment was 
given by Beaumont [1978]. We also 
develop laminar models of elastic layers 
overlying a viscoelastic layer. 
The real earth is obviously more 
complex than these laminated models, and 
a more realistic case is one in which the 
viscosity and other moduli are functions 
of depth. Nevertheless, we limit our 
discussion to these layered models for 
several reasons. One is that of 
mathemat ic al expediency, anal yt ical 
solutions exist for these laminated 
models, whereas for more complex models, 
numerical inversions from the Laplace 
transform domain are required. The 
analytical solutions therefore provide 
standards against which more complex 
models can be tested. A more substantial 
justification is that the laminated 
models ,reflect the principle rheological 
zonation of the crust and upper mantle: 
An elastic layer representing the crust, 
a layer with a time dependent rheology 
representing the subcrustal lithosphere, 
and a low viscosity layer representing 
the asthenosphere. The rheological 
gradation will be more gradual than this 
model implies, but if the parameters for 
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each iayer are interpreted as effective 
parameters, then the main characteristics 
of the earth should be retained. It is 
these effective elastic modul i and 
effective viscosities that would in the 
next step of inverting real geophysical 
data be interpreted in terms of a depth 
dependent theology. An example of this 
is given by Nakiboglu and Lainbeck [1981]. 
The third reason concerns the stress 
state of the models. The present 
geophysical data constraining the flexure 
models are probably inadequate to 
distinguish between the various models, 
and it may be largely adequate to 
describe the theology by a single, 
effective flexural rigidity parameter. 
But such a model does give an erroneous 
picture of the stress state of the 
lithosphere and would lead to misleading 
conclusions about the 'strength' of this 
layer. Finally, since it is frequently, 
and we believe incorrectly, said that the 
viscoelastic relaxation of the ocean 
lithosphere is unimportant [e.g. , Watts 
and Cochran, 1974; Watts, 1978] , it is 
important to understand fully the 
consequences of viscoelastic relaxation. 
Observational Evidence for 
Lithospheric Flexure 
Before discussing the various models we 
outline some of the geophysical and 
geological evidence for regional island 
load compensation in order to emphasize 
those aspects of the model that may 
ultimately be tested against available 
observations. As noted by Vening Meinesz 
[1941], gravity observations on and near 
volcanic islands can only be satis- 
factorily explained by models of local 
compensation if the depth of compensation 
is about 50 -100 kin. Instead, Vening 
Meinesz proposed a model of regional 
compensation in which the compensating 
mass is distributed over an area that is 
larger than the surface covered by the 
load itself. But while gravity or geoid 
height observations generally confirm 
such regional models, they do not permit 
a detailed analysis of the nature of this 
compensation unless other hypotheses are 
introduced or further geological and 
geophysical constraints are imposed. 
A widely used hypothesis is that the 
compensation follows the equations of 
static equilibrium between elastic, 
buoyancy, and load forces, a not 
unreasonable assumption if the process 
forming the load does not lead to a 
modification of the ocean lithosphere 
itself. An alternative approach is to 
introduce a nonelastic theory in which 
the stresses set up by the loading of the 
plate are not permitted to exceed what 
are considered to be 'reasonable' brittle 
and creep strengths of the crust and 
upper mantle. But the behavior of 
terrestrial materials, both in the 
brittle and ductile regimes, remains 
enigmatic when applied to problems on 
geological time scales and of geological 
magnitudes, since the extrapolation from 
laboratory experiments to the tectonic 
problems remains quite uncertain (see, 
for example, Paterson [ 1979] and the 
recent discussion on the flow behavior of 
olivine by Chopra and Paterson [1981]). 
While these extrapolations are inevitable 
if any progress in understanding tectonic 
problems is to be made at all, they form 
part of the hypothesis and should be 
treated in the same circumspect way as 
other aspects of the models. 
Some evidence in support of the flexure 
models may be provided by the bathymetry 
about the load for if sedimentation rates 
have been sufficiently small compared 
with the rate of growth of the seamount, 
the load should be surrounded by moat and 
arch structures whose amplitudes and 
wavelength can be used as constraints in 
the flexure models. Such structures have 
indeed been identified around several of 
the Pacific seamount chains such as the 
Hawaiian Islands [Malahoff and Woollard, 
1971] and, more tentatatively, about the 
Southern Cook Is 1 ands [ Summerhaye s, 
1967]. Slumping of the flanks of the 
volcanic complex, together with fissure 
eruptions around its base, will result in 
much of the moat being filled in 
contemporaneously with the formation of 
the seamount, but since elastic solutions 
place upper limits of perhaps 50 m on the 
arch elevation ,hove the surrounding 
seafloor (whereas observed elevations may 
exceed several hundred meters) the moat 
and arch geometr-' suggest that fill-in 
may not be complete. An alternative 
explanation for the elevated arches is 
that they are a consequence of relaxation 
since in a viscoelastic model the arch 
will, with time, grow in amplitude beyond 
that predicted by the elastic model. 
A related observation to test the 
flexure model is the uplift of islands on 
the arch, as suggested by McNutt and 
Menard [1978], although Jarrard and 
Turner [1979] dispute their contention 
that this evidence is any better than 
gravity in constraining the model. 
However, some of Jarrard and Turner's 
objections can be overcome if differ- 
ential uplift, the rate of change in 
uplift with distance from the load, is 
used [ Lambeck, 1981a, b] , since this 
removes the need to assume firstly that 
sealevel is the same now as it was at the 
time of loading and secondly that, to a 
first order, the island elevations have 
been unaffected by erosion or by other 
than flexure or regional uplift of the 
seafloor. 
Gravity measurements on and close to 
the islands, being essentially dependent 
on the near surface mass distribution 
rather than on the deep crustal struc- 
ture, provide a measure of the appropri- 
ate density of the load, and such 
studies generally point to a more complex 
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mass distribution than assumed in many 
flexure models (see, for example, the 
study of the Hawaiian Islands by Strange 
et al. [1965]). Thus the frequently made 
assumption of a load with uniform density 
of 2.8 g cm -8 may lead to significant 
over estimations of the flexural rigidity 
and of stress. The studies by Woollard 
[1954] , Strange et al. [1965] , and 
Robertson [1967, 1970] point to island 
loads of an average density of 2.4-2.6 g 
cm -8 upon which a higher density core is 
superimposed. Geoid height observations, 
by being a weighted area integral of 
gravity, provide a somewhat more 
sensitive indicator of the regional 
compensation mass distribution, but the 
estimates of flexural rigidity based on 
these data are still critically dependent 
on the choice of densities and of the 
degree of moat fill-in. 
The most important but mostly unavail- 
able geophysical observation is the dip 
of the seismic velocity discontinuities, 
such as the ocean layers 2 and 3 
interface or the Moho, under the load. 
One exception to this is the detailed 
seismic work carried out in the Hawaiian 
Archipelago and summarized by Furumoto et 
al. [1971] . These results point to a 
thickening of the crust by more than 10 
kilometers, whereas the layer 2, 3 
interface generally dips much less than 
this [Woollard, 1970]. Depending upon 
which reflector one adopts, the con- 
clusions reached about regional 
compensation would be quite different. 
Suyenaga [ 1979] has attempted to 
reconcile the two different slopes by 
introducing an element of local compen- 
sation in the flexure models, but clearly 
more work is required. Lainbeck [1981a] 
suggested that perhaps the low load 
density favored by the flexure solutions 
for the Society Islands also reflects a 
degree of partial local compensation. 
A further geophysical indicator of the 
flexure model could be provided by 
magnetic studies around the islands, 
since the deposition of volcanic and 
sedimentary materials into the moat would 
disrupt the 'normal' magnetic imprint of 
the area and which may permit the 
determination of the shape of deflected 
sur faces beneath the ocean floor. 
Summerhayes [1967] reports a 1953 
result by the Scripps Institution of 
Oceanography that the magnetic observa- 
tions around Palmerston Island 
indicate a concave form for the basement 
that is not reflected in the bathymetry, 
but we have not found studies for other 
regions that substantiate this point. 
A further observation of potential 
interest is the rate of subsidence of the 
islands themselves. Moore [1970] for 
example, analyzed sealevel changes for 
some islands on the eastern part of the 
Hawaiian ridge and found that the rate of 
subsidence increased progressively from 
the island of Oahu to the island of 
Hawaii, that is, toward the center of 
current volcanic activity. Moore 
interpreted these observations in terms 
of regional subsidence of the ocean crust 
due to the increase in volcanic loading 
of the Island of Hawaii, but he noted 
that the volume of subsidence deduced 
from these measurements was significantly 
less than the volume of new volcanic 
material added. A more plausible 
interpretation may be in terms of 
relaxation of the stresses in the crust, 
and this will be investigated elsewhere. 
Related to this observation is the 
subsidence of the flat limestone capped 
guyots where this cannot be readily 
attributed to thermal contraction of the 
lithosphere due to increasing age. One 
example of this, discussed by K. Lambeck 
et al. (manuscript in preparation, 1981) 
is provided by the seamount chain in the 
Tasman Basin. 
Mechanical Modeling of the Lithosphere 
Elastic Models 
The solution for the elastic plate has 
been discussed by Lambeck and Nakiboglu 
[ 1980] following the development by 
Brotchie and Silvester [1969] in terms of 
zero-order Bessel-Kelvin functions, and 
only a brief summary is given here. The 
governing equat ion for an infinite 
elastic plate overlying an inviscid fluid 
half space and subject to normal loading 
is 
D AAm + 0mgC0= q (1} 
where D is the flexural rigidity of the 
elastic pl, ate, tP•eiS the density ofthe substratum m is deflection of the 
plate (positive downward), g is gravity, 
and q i s the load. In the usual 
formulation of seamounts the load q 
consists of two parts, the originally 
applied load on the seafloor and a 
secondary but equally important load 
which fills the flexure-created moat up 
to some predetermined level. The 
simplest case is to assume that this 
fill-in occurs up to a level that extends 
above the arch created by the load and 
that the density of this fill-in equals 
that of the load. Then, instead of (1), 
D AAm + p sgm = q = pggh (2) 
with P = pm-Paf , where pf is the density of th% load nd fill-in and if the load 
is under water of density lp½• p•--pf-p ß Another simple case resu i there •øs 
no fill-in of the load created depre- 
ssion, for then (2) is still valid if the 
effective substratum density Ps is 
øf p - Poon defined as = Pm ß A complete discussion •hese soluti s as well as 
intermediate ones that are valid over all 
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distances from the load center is given 
by Lambeck [1981a]. The height h of the 
load is with respect to the deflected 
crust if there is no fill-in or, 
otherwise, with respect to the top of the 
fill-in. Defining the flexural parameter 
L by 
L : (D/Psg) ;• 
and introducing the dimensionless 
parameters p--m/L, x--r/L, equation (1) 
becomes with (2) 
Within the loaded area 
12D o : z (vm + 1 --m) 
8 H 3 rr r r 
T : 0 
r8 
T = (H2-4z 2) 
rz 2H 3 
(m + 1 --m) 
rr r r 
c5 : q•'q2 3 z - 2(•)  z ---•-- + (q2-ql) [ • • ] 
(6) 
P& h 
AAn + n P L (3) 
s 
Outside the loaded area 
(3) 
Equations (3) are solved subject to the 
usual boundary conditions [Brotchie and 
Silvester, 1969, Lambeck and Nakiboglu, 
1980] . 
Introducing the Green function G, which 
defines the response at a point Q(x,6) 
due to a unit force at a point P(C,8 ') 
G(XpQ) = - 1 kei XpQ (4a) 2•r Ps gL 
where XpQ is the dimensionless distance 
of Q from P, or 
= XpQ [ x2 + C2 _ 2x • cos(O-8)] 
The deflection under arbitrary load of an 
area R(•, 8') is 
2• R 
fl(X,O) = g t f G(XpQ)h(c,O') e'=0 C:0 
.p•(c,e') C dcdo' (4b) 
[see also Beaumont, 1978]. If the load 
is radially symmetric of radius R with a 
= RK /L, and P• = P• (C), h =h (C), •hen 
•(x) - i 1 
p L 
a 
f kei (Ix-c I) p(c) (c)cac C:O 
(5) 
For symmetric loading the stresses in the 
plate are given by 
12D v 
• : ,, z (• +-•) 
r H 3 rr r r 
where the z coordinate is with respect to 
the middle plane and is positive 
downward. H is the thickness of the 
elastic plate and v is Poisson' s ratio. 
In these expressions the subscripts 
associated with m denote differentiation 
(mr = d •/dr, mrr = d2m/dr 2), while those 
associated with o or T denote stress 
components. Also, ql = -p•g(h+m) and q2 
= -pmg00; Trz and •^ •'re generally 
small, compared with o__ ,•z on, o z , and the latter can be cons idared Uas principal 
stresses near the edges of the plate. In 
the middle plane (z=0), • and o vanish, 
but ß reaches a rmaximu•8 value. 
CombinirnZg (5) and (6), 
a d2 12D z v d 
o - - f [< +- --) ke-<lx-cl)] 
r H3 p L 2 C:0 dx 2 x dx 
s 
ß p•(C)h(C)C ac (7a) 
a d2 1 
_ f [(.,, +_ L) 08 H 3p L2 C= 0 dx 2 x dx (7b) 
s 
.kei(Jx-cJ)] pZ(C)h(C)C d
The integrants in these expressions can 
be simplified using the recurrence 
relations of the Kelvin functions 
[Abramowitz and Segun, 1965, p. 380]. 
If within the plate the elastic 
parameters vary with depth the solution 
for the deflection remains unchanged 
except that definition of D is modified. 
Some examples were given by Lainbeck and 
Nakiboglu [1980], where the emphasis was 
placed on attempting to reduce the 
stresses near the plate surfaces, 
particularly the lower one. For a layer 
in which the elastic parameters vary 
continuously with depth, the effective 
flexural rigidity is given by 
D* : C-B 2/A (8a) 
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where 
H 
A = 2 f ]a (•-) dz 
0 
H 
s ? / = z dz 
0 
(8b) 
H 
C = 2 / ]a(z) z 2 dz 
0 
with z now measured from the top of the 
plate. 
For n rigidly coupled layers, each of 
elastic parameters.]ak ' •k (k = 1 .... n) 
the stresses within the kth layer follow 
from (6) as 
o (k) (r,z) 2•k z (• + %;k r )
r 1_%; k rr r 
2]a k • o (k)(r,z) - z (%;k • +__r ) rr 
r l_Vk r 
(9) 
where z is now measured with reference to 
the neutral plane. A solution for n=3 
would be appropriate for the ocean 
lithosphere with the seismically defined 
crustal layers 2 and 3 corresponding to 
the first two layers and the stress 
bearing part of the upper mantle as the 
third layer. In this case one would 
anticipate that • < • > • . 
Viscoelastic Models 
General formul at ion. With the 
correspondence principle, the governing 
equation for a homogeneous viscoelastic 
plate overlying an inviscid fluid half 
space follows from (2) as 
D AA• + 0 g • = q (10) 
s 
where the circumflex denotes the Laplace 
transform of the corresponding elastic 
solution parameter. ^ The flexural 
rigidity operator D relates to the 
elastic parameter operators and by 
^ 
•) : ]a H3/6<1-;) <11) 
For a Maxwell solid 
I 
]a = ]as = IS + T 1K 
_ 
S+T 1 s + T 1 
^ s 
2 (•+[•) s + 
(12) 
where s is the Laplace transform 
parameter and T is the relaxation time. 
The bulk modulus • is time invariant for 
a viscoelastic medium, since with (12), 
2 -1 
" 2 ^ ()' + • ]a)s + z • 
I 
S+T 1 
When s -• (corres•ponding to the response 
at time t=0), ]a•]a , X=I , O--v , and we have 
the elastic solutions. When s+0 
(corresponding^ to .the response at time 
t=•), we have •0, • =•, •--0.5. Poisson's 
ratio for the lithosphere changes from 
the seismically observed value of 0.27 at 
time t--0 to 0.5 at time t--•, while for 
incompressible materials v =0.5 at all 
times. As analytical solutions do not 
appear to exist for compressible plates, 
the assumption of incompressibility 
simplifies the problem very considerably. 
The assumption does lead to an over- 
estimation of D for times immediately 
a•fter the loading. Substituting v-- « and 
]a given by (12) into (11) results in 
• = D s /(s+• TM) (13) 
and (10) becomes 
(•4) 
•a• + (z +•) 0sg • = (z +•) q 
Taking the inverse Laplace transform of 
(14) gives 
D AAfo + Osg(•o + •) = (4 + (15) 
This is equation (10.76) given by Nadai 
[1963, p. 285], but the derivation given 
here clearly illustrates that it is based 
on the assumption of incompressibility. 
Equation (10) is the general form for 
loading of a viscoelastic plate. 
Beaumont [ 1978] also uses (15) , and 
Laplace transforms it to give an 
expression equivalent to (10). 
For a symmetrical plate, involving 
axially symmetric load geometry, the 
solution of the differential equation 
(10) is conveniently obtained by taking 
the zero-order Hankel transform of (10). 
That is, 
^ 
D • • + p g • = q 
s 
where the zero order Hankel transform of 
a quantity is denoted by a tilde and • is 
the transform parameter. Its solution in 
the Hankel and Laplace transform domain 
is 
^ 
m = q(D • + Osg) -1 (16) 
The solution in time and position follows 
from its inverse, namely, 
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m(r,t) : H-l[œ-l{q/(•  + psõ)}] (17) 
The order of the inverse transformations 
is immaterial if the position and time 
dependencies of the load are two 
separable functions, that is, if the 
wavelength of the load is independent of 
time [see also Nakiboglu and Lambeck, 
1981]. 
Because axial symmetry has already been 
specified, the spatial and time depen- 
dencies of the load can be expressed as 
q(r,t) = q(r) T(t) (18) 
where T(t) is a function of time 
describing the load history. For 
seamount loading problems, where the time 
interval in which the island forms is 
generally believed to be short, •< 10 6 
years, 
T(t) = H(t) 
where H(t) is the Heaviside step 
function. That is, 
T(t) = H(t) = 
! t>0 
0 t<0 
« t=0 
(19) 
For some problems a more appropriate but 
still simple load history may be 
T(t) = tH(t) 
and the corresponding solution is 
discussed in a different context by 
Nakiboglu and Lainbeck [1981] . With (19) 
q = g(o•h)d(t) =g(p•h)s 1 (20) 
and substituting this into (16), on the 
assumption that p is constant, results 
in Z 
m(s,½) - z 
s L•4+l 
L4•4+1 L4• 4 
s s+(1/T(L4½q+i)) 
From tables of inverse Laplace transforms 
(e.g. Oberhettinger and Badii, 1973, p. 
216) 
•(t,•) - • (g) 
Ps L4•4+1 
ß [(LqCq+l)-L•4exp(-t/T(Lq•q+l))]H(t) 
P• • 
P s •:=0 
exp ( ,'t/T (Lq•+l)) ] 
ß •(•)• Jo(•r) d• (21) 
where J is the zero - order Bessel 
function gf the first kind. Equation 
(21) is equivalent to that given by 
Beaumont. With the definition u -- L• , 
and x -- r/L, equation (21) can be 
rewritten as 
p 
re(x, t) - • 
p L 2 u=0 
s 
u 4 
ß [1-• exp(-t/T(l+u q))] 
l+u 4 
ß •(uL TM) u J (Ux) du (22) 
o 
The solutions (21) or (22) can be 
integrated numerically for any axi- 
symmetric load. Alternatively, solutions 
can be found by determining the Green's 
function and convolving it with the load. 
Consider a unit load distributed over a 
small circle 
q = pzgh 
1/"RA2 0<r<R A 
0 r>R A 
then [Sneddon, 1951, p. 528] 
~ _ 1 J1 (au) (23) q •au 
but 
au (au) 3 
J1 (au) : -•- 16 
and for small arguments, 
~ 
q = 1/2• 
Substituting this into (22) in place of 
0zg• yields the Green's function of the 
problem 
i oo U4 G (X,t) = / [1 - - 
2•psgL2 u=0 l+u 4 
.exp(-t/T(l+uq))] J (ux) u du 
o 
and taking its inverse Hankel transform, (24) 
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Radial Stress C•r(kbar ) 
0 -5,, Z0 
Z! 
Z2 
Z 3' 
Stress at top & bottom of the plate 
0 m• )' • r(km) 
10 
Fig. 1. Solution for a three layer elastic plate in which the first two 
layers correspond to the oceanic crustal layers 2 and 3 and the third 
layer to the upper mantle. (a) Model 2, Table 1. (b) Model 3, Table 
1. The uppermost figures give the deflection, the middle figures give 
o r at r-0 as a function of depth for both the layered plate and the 
equivalent homogeneous elastic plate (dashed lines), and the lowermost 
figures give the stress O along the upper (z-z0) and lower (z--z 3) 
surfaces of the plate. N•gative stresses indicate tension. 
and the deflection for an arbitrary load 
follows from (4b). 
Viscoelastic stresses. The visco- 
elastic stresses f0•low from the 
application of the correspondence 
principle to the elastic stresses (6). 
That is, 
and with (11) and (12) and the assumption 
of incompressibility, 
o = -4Uz s (• + 
-- 
r s-F'C 1 rr 
Likewise, 
^ ^ ^ 
^ -12z D (• + v O' • • ) 
r H3 rr r r 
^ 
o e = -4•z 
s 
-1 
i ^ + 1 ^ --•) 
r r 
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TABLE 1. Summary of Parameters Used in the Flexure Models Illustrated in Figures 1-8 
Layer 1 Layer 2 Layer 3 
1'2) ' p(xlO • Thickness p(xlO 12) • Thickness p(xlO 12) • Thickness 
Model Rheology Figure dyne cm -2 km dyne cm -2 km dyne cm -2 km 
elastic 
elastic 
visco - 
elastic 
elastic- 
visco- 
elastic 
elastic- 
visco- 
elastic 
elastic- 
visco- 
elastic 
elastic- 
visco- 
elastic 
elastic- 
visco- 
elastic 
la 0.37 0.36 2.5 0.55 0.30 5.0 0.18 0.43 10 
lb 0.37 0.36 2.5 0.55 0.30 5.0 0.18 0.43 20 
2 0.37 0,50 14.7 
3,4 0.48 0.32 7.5 0.18 0.5 20 
5 0.48 0.32 15.0 0.18 0.5 20 
6 0.48 0.32 7.5 0.18 0.5 60 
7 0.37 0.36 2.5 0.55 0.30 5.0 0.18 0.50 20 
8 0.37 0.36 2.5 0.55 0.30 5.0 0.18 0.50 60 
^ 
T = - • (H2-4z 2) s d (; + 1 ^ rz 2 s+T 1 • rr • m ) .exp{-t/I{l+u •))] - r 
J (ux) J (ua) du ß o 1 
The inverse Laplace transforms of these 
stresses can be computed using the 
convolution theorem, yielding 
t 
o -• -4pz f [d (t-B)-exp (- (t-B) T-1 ) ] 
13=0 
+ •r • ] d13 (25a) ß [mrr r 
o 8 =-4Uz 
t 
[d (t-13)-exp(-(t-13)T -1) ] 
.[r• + 1 r • m ] d13 (25b) rr 
and 
t 
• = -•(H2-4z 2) • [d(t-13) rz 
13--0 
- +! 
.-exp(-(t-13)z 1)] (m m ) d13 
rr r r 
(25c) 
Disc load. With (23) and a--RA/L, 
h(u) -- L 2 a h Jl(Ua)/u (26) 
and 
m(x,t) p•ha 
P 
s 
[1 u 
(27) 
Differentiating (27) 
recursion formula for 
[Abramowit z and Segun, 1965, 
results in the stresses at 
where o and o are maxima, 
r 8 
o = +6gO (L 2 oo r - g •) ha / -u2[ 
u=0 
.exp(-t/•(1 +u •)) ] 
'J1 (ua) du 
2 oo 
0 0 -- +6gOz <•) ha / 
u=0 
ß exp(-t/T(l+u •) ) ] 
and using the 
Bessel functions 
p. 361] 
z = +H/2, 
1 
l+u • 
[J0 (ux)-J1 (ux) ]
2ux 
(28) 
_u2[ 1 
l+u • 
[J0 (ux)+J1 (ux) ] 
2 2ux 
'J1 (ua) du 
Parabolic load. The zero-order Hankel 
transform for a Ioad 
h(r) 
h(1 - r2/RA2 ) 
0 
05r<_R A 
r}R A l+u 
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is [Sneddon, 1951, p. 528] 
h(u) -- 2hL2 [ 2 j (ua) - a J (ua) ] 2 U 1 o 
u a 
(29) 
and substituting this into (22) yields 
2o•h oo • 
= f _ u 
a O s u=0 1 +u • 
'exp(-t/•(l+u•))] [2• aJl(Ua)-a u 
'Jo(ua)] J (ux) du o 
h-.•2 f = +12gO• •'( ) --U 2
u--0 
J (ux) 
exp (-t/•(l+u•)) [j (ux) -'1 ] ß • o 2ux l+u 
• a [ Jl(Ua)-• J (ua)] du ß O 
2 oo 
= +12gOg a 
u--0 
J (ux)+J 1(ux) exp(-t/ T (l+u•)) [ o .... ] ß 2 2ux l+u • 
(30) 
(31a) 
a j (ua)] du ß [u -•2 Jl(Ua)-u o (31b) 
and at z=0 where ß 
rz 
rz 
o•ha H z 
= •t 
0 2 L -r 
is a maximum 
u=0 
-u exp(-t/•(l+u •) ) 
l+u 
4 J (au) 2 ß [ z • 2 1 ---- Jo(aU)] 
a u au 
'Jl(UX) du (31c) 
Beaumont [ 1978 ] experienced some 
difficulties in integrating equations 
such as (26) and (29), but we found that 
a 32-step Gausse-Laquerre integration 
method leads to results that are 
sufficiently accurate for present 
purposes. The above solutions are valid 
for the two extreme loading conditions 
previously discussed. That is, (1) for 
total fill-in, in which case O s = 0 m Of, 
0 = Of- 0oand h is measured with respect to • the level of the fill-in, and (2) for 
no fill-in, in which case O s • 0 m 0 o, PE 
-- 0f-0 o and h is the height of the load 
with respect to the deflected seafloor 
(except that the solutions are in error 
about the uplifted arch). In the first 
case the flexure created depression 
around the load is assumed to have been 
filled in, up to a level beyond the 
originally undeformed surface and at 
least up to a point where the peripheral 
bulge is also covered. The model 
furthermore assumes that the fill-in is 
contemporaneous with the formation of the 
load and that this loading occurred in a 
relatively short time interval. This is 
in agreement with the conclusion by 
McDougall [1964] that the large shield 
volcanoes in the Hawaiian chain formed in 
a relatively short time interval (=5x10 õ 
years), although not all volcanic islands 
have had such short eruptive histories. 
In the absence of fill-in, the load 
history (equation 19) results in a 
constant load. In the presence of 
fill-in, the load history (19) implies 
that the load is actually increasing with 
time, since it is the height measured 
from the top of the sediment layer that 
is assumed to have remained constant 
whereas, with time, the plate and hence 
the seamount would have sunk farther into 
the asthenosphere. The way around this 
is by a predictor-corrector time stepping 
procedure in which at each time t for 
which the above expressions are evalu- 
ated, the load h is reduced by the 
predicted deflection. For the present, 
being more interested in the dependence 
of the response on different rheological 
models than on a quantitative evaluation 
of the response for a specified load, we 
maintain the above simplified formalism, 
recognizing that in quantitative 
evaluations of actual loads we do have to 
take this complication into account. The 
equations also imply that the sedi- 
mentation always covers the arch so 
that the time history of the growth and 
shifting of the arch cannot be accurately 
followed. One solution for a more 
complete analysis is to develop a 
viscoelastic equivalent, but very 
laborious, theory for the elastic model 
of variable fill-in given by Lambeck 
[1981a]. Another solution is to seek a 
numerical inverse of the Laplace 
transforms which in any case becomes 
necessary when evaluating more complex 
load geometries. 
Elastic-Viscoelastic Models 
Of the possible simple rheological 
models for the plate that are amenable to 
analytical development, the most 
realistic is one comprising one or 
several rigidly coupled elastic layers 
overlying a viscoelastic layer with the 
ensemble supported by an inviscid fluid 
(see the introduction). This particular 
problem can be solved in two stages, 
using the correspondence principle and 
the solution for the multilayered elastic 
plate. Consider a three-layered plate 
with surfaces at depths d k (k = 1,2,3) 
relative to the upper surface of the 
plate and with an incompressible 
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Fig. 2. Solutions for an incompressible viscoelastic homogeneous plate. 
(a) The parabolic load of 60 kilomet,er radius (model 3, Table 1). 
Illustrated are (i) the deflections as a function of the dimensionless 
relaxation time t* = t/T including (ii) the deflections as the isostatic 
state (dashed line) is reached, gravity (iii) and geoid height (iv) 
anomalies as a function of t*, (v) stress qr at z=z0 for t*<41 and (vi) 
for t*>40. Negative stresses indicate tension. (b) Same as Figure 2a 
.. 
but with the load radius reduced to 30 kilometers. (c) Same as Figure 
2a but with zero fill-in of the moat. 
viscoelastic third layer of viscosity 
The flexural rigidity operator 
becomes 
O- p•, •o .,. (8a) •o =- / f(u,t) h J (ux) du 
Ps u=0 o 
(32) with 
where A, , are the operators obtained 
from (8b), and f(s) is defined in the 
appendix. The solution in the Hankel 
Laplace transform domain for an axi- 
symmetric load with a Heaviside load 
history H(t) is, analogous to (16) 
~ P•,• 1 
Ps s [f(s)u•+ l] 
The double inversion of this expression 
for even simple load geometries is 
cumbersome and is of the form 
(33) 
•(u,t) = •--: {•-• If<,) ,.,•' + •.]-•} 
and h is given by (26) for the disc load 
and by (29) for the parabolic load. 
The stresses in the elastic and 
viscoelastic layer can be obtained in a 
similar manner by making use of the 
convolution theorem for the Laplace 
transformation. The results are given in 
the appendix for both disc and parabolic 
loads. The evaluation of the stresses 
does need some special attention in that, 
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with time, the stress is transferred from 
the lower regions of the plate to the 
elastic layer and in the limit as t/T +• , 
the solution will approach that of the 
elastic upper plate overlying an invis½id 
fluid. With time the neutral plane of 
the plate, with respect to which the z 
coordinate is measured, also moves upward 
and ultimately resides in the thin 
elastic layer. Thus the z coordinate of 
the bounding surfaces of the two layers 
will be a function of time, and the 
complete solution for the stresses 
requires that at each time step the 
neutral plane is relocated ( see the 
appendix) . 
Results 
The seamount has been represented by a 
parabolic load of 60 kilometer radius at 
its base with a height of 6 kilometers 
above the seafloor. This approximates 
some of the larger volcanic island loads 
in the Hawaiian or Society archipelagos. 
The use of such a simplified geometry is 
justifiable here in that we are concerned 
only with understanding the consequence 
of the various simplified rheologies 
discussed above rather than with 
comparing theory and observation. For 
this latter purpose the single disc or 
parabolic loads are inadequate, although 
geometrically simple solutions can still 
be useful [e.g., Lambeck, 1951a, b]. 
The adopted load density is 2 5 g ½m 3 
and with the exception of the elastic 
plate the moat has been completely filled 
with material of density equal to that of 
the load. While these assumptions may 
result in unrealistic solutions for the 
deflections near the arch they are 
justified here on the basis that (1) the 
analytical solutions for the nonelastic 
models become complex when fill-in is 
incomplete and (2) we are not making 
quantitative comparisons with observa- 
tions. The density structure for the 
crustal model adopted throughout is one 
of two layers corresponding to the 
average ocean crustal layers 2 and 3. 
-3 The first layer is of density 2.5 g ½m 
and thickness of 2.5 kilometers, while 
the second layer is one of density 2.9 g 
½m 3 and thickness 5.0 kilometers. The 
two layers overlie a mantle of density 
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3.35 g cm -3. The adopted rigidity 
modulus is, unless otherwise stated, 
taken rather arbitrarily as 50% of the 
seismic value. This choice is based on 
the assumption that the loading is not 
instantaneous but occurs over a period of 
typically 10 6 years. Then, as time t--0 
corresponds to the end of the loading 
stage, a partially relaxed modulus is 
appropriate. Poisson's ratio • for the 
elastic layers follows from the assump- 
tion that the bulk modulus is time 
invariant while for the viscoelastic 
layers it is taken as 0.5. 
Elastic Solutions 
The deflection and stress in a 3 layer 
elastic plate is illustrated in Figure 1. 
The three layers correspond to the ocean 
crustal layers 2 and 3 and the upper 
mantle. In this example the strongest 
layer is assumed to be the middle layer 
with the strength of the first layer 
exceeding that of the upper mantle. The 
partially relaxed rigidities of the three 
layers in models 1 and 2 (Table 1) 
correspond to 0.5, 0.75, and 0.25 of the 
seismic value. The stress o for the 
equivalent uniform elastic pl[te is also 
illustrated. The principal consequence 
and virtue of the three-layered model is 
illustrated by the stress component o r in 
which the stresses are reduced in the 
weaker layers and transferred to the 
stronger middle layer where, because it 
lies close to the neutral plane, the 
stresses are usually small. Further 
reductions at the base of the plate can 
be achieved by decreasing the rigidity of 
layer 3 with a concomitant change in the 
thickness so that the effective flexural 
rigidity, which is the quantity con- 
strained by observations, remains 
unchanged (for example, Figure lb) or by 
introducing a fourth layer of lower 
rigidity than that of layer 3. 
Viscoelastic Solutions 
The homogeneous, incompressible, 
viscoelastic plate solution subjected to 
the above load is illustrated in Figure 2 
for model 3 (Table 1). The relaxation 
time is T = B/•, where • is the viscos- 
ity. To eliminate T as a variable, the 
dimensionless time t* = t/z is used. At 
t* = 0, the solution corresponds to the 
equivalent elastic one illustrated in 
Figure 1. With increasing t* the 
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(iii) 
Fig. 3. Solution for the deflection of an elastic-viscoelastic plate 
subject to a parabolic load and for plate parameters given by model 4 (Table 1). Illustrated are the deflections (i) as a function of t* gravity, (ii) and geoid, (iii) anomalies and the radial stress (at z--z 0i 
at (iv) the top (solid lines) and bottom (broken lines) surfaces of the 
plate and (v) at the elastic-viscoelastic interface where the solid 
curves give the stress in the elastic plate and broken curves give the 
stress in the viscoelastic plate. 
deflection below the load increases, as 
does the amplitude of the arch while the 
position of the arch moves inward. As t* 
increases further, the state of local 
isostasy is approached, temporarily 
exceeded, and finally reached, and the 
behavior is exactly as that described by 
Beaumont [1978] for a disc load. The 
gravity and geoid height perturbations 
also decrease with time until local 
isostasy is attained. The negative 
gravity anomalies at the flanks change 
only marginally with time, but the geoid 
anomalies, being more sensitive to the 
subseafloor structure, show a quite 
significant evolution, the magnitude and 
wavelength of the negative flanks 
increasing with time. 
The evolution of some of the stress 
components is also illustrated in Figure 
2a. The stress state at time t* = 0 is 
given by the equivalent elastic solution, 
but as t.* increases, both o r and o 0 
decrease to vanish at time t* = •. The 
reduction in the stresses with time is 
relatively rapid at first, but in the 
case considered here, it takes about 40 
relaxation periods before the maximum 
values of o r and o 0 are finally reduced 
to the stresses corresponding to the 
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state of 0zgh or for this load of about 1 
kbar. (See Lambeck [1980] for a further 
discussion of this point.) At any given 
time prior to the achievement of 
isostasy, the stresses o r and o 8 reach 
their maxima at the upper and lower 
surfaces of the plate, but in analogy to 
the elastic solution these can be reduced 
by introducing depth dependent rheologic- 
al parameters. The stress component o•z 
on the middle plane also decreases with 
time, and the dominant stress component 
becomes o z, given by equation (6), or 
roughly 0 gh, which is also the minimum 
value of t•e maximum stress difference 
associated with local isostatic compen- 
sation [Jeffreys, 1943] . 
As emphasized by Beaumont [1978], the 
rate of relaxation is largely determined 
by the wavelength of the load, and this 
is clearly illustrated by the example 
given in Figure 2b in which the load 
radius has been reduced by one half. The 
isostatic depth of compensation should be 
the same in both cases, but in the 
shorter wavelength load it takes much 
longer to reach this state. Beaumont's 
critique of earlier works which repre- 
sented the Hawaiian island chain by a 
line load, thereby neglecting the 
dependence of relaxation on wavelength of 
the load, is important, as such solutions 
result in an apparently stiffer litho- 
sphere for smaller loads than for 
larger loads. This may well explain, at 
least in part, the results obtained by 
Watts [1978], which suggest that the time 
constant is smaller for the Emperor 
seamounts than for the Hawaiian ridge. 
Watts does not discuss the viscoelastic 
solution used to obtain this result, and 
our presumption is that he has followed 
the oft-quoted solution given by Nadai 
[1963] and used by Walcott [1970] and 
Watts and Cochran [1974] in which the 
seamounts are represented by a line load. 
In a general way the island loads along 
the Emperor seamount are shorter in 
wavelength than those in the younger part 
of the Hawaiian Ridge, and this could 
explain the above cited observations of 
Watts. 
The solutions illustrated in Figures 2a 
and 2b are not immediately appropriate to 
the seamount problem because the 
implication of the much simplified load 
history (equations (18) and (19)) is that 
the total load increases with time so 
that its geometry with respect to the 
seafloor at 'z -- -H/2 remains constant. 
Hence the deflections and stresses are 
much overestimated from those that would 
be expected if these results are 
interpreted in terms of a time history of 
the load whose original load is that 
illustrated. Nevertheless, these results 
serve the function of predicting the 
behavior of the response and of the 
observables, gravity and geoid. Figure 
2c illustrates the solution in the 
absence of any fill-in of the arch 
created moat. Mathematically, this 
solution is self consistent, a•though 
there is no geophysical evidence for the 
deep moat predicted by this model. At t.* 
= 0 this moat has a maximum depth of 
about 700 m relative to the undisturbed 
seafloor far from the load. With time 
this depth initially increases but then 
decreases as the isostatic state is 
approached. Compare, for example, the 
deflection in Figure 2c near the edge of 
the load for t* -- 0, 11 and 41. The 
center of the seamount will subside 
significantly with time, by about 2.5 
kilometers at t• = 41 for the model 
illustrated here. The rate of subsidence 
decreases with time, from about 0.5 
cm/century initially to about 3x10 -3 
cm•century at t = 30xlO 6 years if 10 years . 
Perhaps the major difference between 
the results of Figures 2a and 2c lies in 
the geoid height perturbation where for 
the zero fill-in case, not only is the 
maximum value of the anomaly increased 
but the negative flank anomalies have 
been eliminated, since the mass deficit 
at depth has been very significantly 
reduced. Whether this distinction can be 
made from the observational evidence 
depends on the success with which the 
intermediate and longer wavelength 
anomalies, not directly associated with 
the seamount, can be removed. Most 
observations, however, point to there 
being a significant degree of fill-in of 
the flexure created moats. 
The viscoelastic plate Solution as 
given here only represents one part in 
the relaxation history in that its limit 
is the isostatic solution and not the 
expected final hydrostatic state. This 
is simply a consequence of a solution 
that permits of vertical displacements 
only. A more complete formulation of the 
problem is required, and an appropriate 
one follows from applying the correspond- 
ence principle to the generalized elastic 
equations and boundary conditions, as was 
done by McConnell [ 1965] and Peltlet 
[1974]. An example of the more rigorous 
developments given by Phillips and 
Lambeck [ 1980] justifies the present 
approach. In their example [Phillips and 
Lambeck, 1980, Figure 7] the response 
initially reaches an isostatic solution 
and the residual stresses then relax 
further, while at all times the isostatic 
solution is maintained. The relaxation 
times of the lithosphere and the maximum 
ages of the ocean floor are such, 
however, that this latter stage of 
'post-isostatic ' readjustment, following 
upon the initial establishment of 
isostatic equilibrium, is unlikely to 
occur within the life time of most 
seamount s. 
Elastic-Viscoelastic Solutions 
Figure 3 illustrates the elastic- 
viscoelastic solutions for model 4 
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Fig. 4. Stress history under the load (at r=0) of o for the elastic 
viscoelastic model 4 for the 60 kilometer radius parabrolic load with 
fill-in (Figure 4a), the 30 kilometer radius parabolic load with fill-in 
(Figure 4b), and the 60 kilometer load without fill-in (Figure 4c). The 
three loads are illustrated in Figure 2. Or has been evaluated at the 
upper and lower surfaces of the elastic layer (curves a and b 
respectively) and at the upper and lower surfaces of the viscoelastic 
layer (curves c and d respectively). 
defined in Table 1 and with the time 
constant T now corresponding to that of 
the upper mantle. As for the purely 
viscoelastic solution, the deflection 
increases with time and the time 
dependent behavior of the gravity and 
geoid height anomalies is similar. The 
variation of the stress patterns with 
time differs from the purely viscoelastic 
solution in that the stress, being 
transferred with time from the lower 
regions of the plate to the elastic upper 
layer, is ultimately born entirely by 
this layer (see Figure 4). Hence, in the 
limit t*+• the solution corresponds to 
that of the elastic layer alone. Whether 
this state is actually reached depends on 
the ratio of the viscous time constant of 
the upper mantle to the age of the load 
as well as on whether the stresses have 
not in the meantime exceeded the brittle 
strength of the material. The elastic- 
viscoelastic solutions illustrate a 
similar dependence as the viscoelastic 
plate models on the wavelength of the 
load. 
The model parameters used to obtain 
Figure 3 correspond to a situation in 
which only the oceanic crust behaves 
purely elastically and for large t* the 
stresses are borne entirely by this 7.5 
kilometer layer (Figure 4) . For the 
plate models used in Figure 4 this occurs 
when t*>100. Hence these stresses in the 
elastic layer may become excessive with 
time, but this can be partly avoided by 
introducing a thicker elastic layer 
(Figure 5) by increasing the thickness of 
the viscoelastic layer 80 as to reduce 
the rate of the upward stress migration 
(Figure 6), or simply by increasing the 
time constant of the viscoelastic layer 
such that the oceanic 1 ithosphere 
underneath the load is subducted sometime 
somewhere before these high stress levels 
are attained and that mechanical failure 
of the lithosphere below the seamount 
load does not occur. In the first case 
(Fi 
tim 
the 
mig 
to 
and 
geo 
abo 
(Fi 
and 
gure 5) the stress in the plate at 
e t* = 0 is already borne largely by 
elastic layer, the subsequent 
ration of stress from the viscoelastic 
the elastic layer is relatively small, 
the evolution of the gravity and 
id anomalies is not significant beyond 
ut t * = 10. In the second case 
gure 6) the upward stress migration 
evolution of the gravity and geoid 
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• 6 
Fig. 5. Deflection, gravity, and geoid height anomalies and stresses in 
an elastic-viscoelastic plate subject to a parabolic load for plate 
model 5. The notation is the same as in Figures 3 and 4. 
anomalies are much more gradual, and the 
stress differences have not exceeded 5 
kbar at t * = 100 compared with values of 
17 kbar for the thinner viscoelastic 
layer illustrated in Figure 4. 
Of the models discussed here, the 
geophysically most appropriate is one in 
which the elastic part consists of a low 
rigidity layer overlying a higher 
rigidity layer, corresponding to the two 
principal subdivisions of the oceanic 
crust, with the upper mantle represented 
by the viscoelastic layer. The stress 
history of one such model is illustrated 
in Figure 7. The principal consequence 
of this model lies in the reduction of 
the stress in the upper part of the 
oceanic crust where confining pressures 
are sufficiently small for the brittle 
failure limit to be relatively l:ow. But 
this is at the expense of increasing the 
stress differences at the base of the 
elastic layer. Figure 8 illustrates the 
time history for this three -layer model 
in which the thickness of ' the vis.co- 
elastic layer has been increased from 20 
to 60 kilometers (see Table 1). 
The gravity and geoid height anomalies 
for these three layer models differ 
insignificantly from the corresponding 
model illustrated in Figure 4 ,These 
anomalies also differ little from the 
viscoelastic models, and it will be quite 
difficult to distinguish between them 
from the limited geophysical data that 
are generally available. The main 
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Same as Figure 5 but for plate model 6. 
justification for the elastic - visco- 
elastic models is therefore that, being 
more compatible with the rheological 
zonation of the crust and upper mantle, 
they give a more realistic description of 
the stress state of the loaded litho- 
sphere. 
Interpretation of Flexural 
Rigidity Estimates 
As many published flexural rigidity 
estimates are based on elastic solutions, 
it is appropriate to discuss the 
consequences of any viscous relaxation 
within the loaded plate on the apparent 
flexural rigidity. In keeping with the 
emphasis of the earlier parts of this 
paper, we are not so much concerned here 
with rigorous evaluations of the 
lithospheric response to specific loads 
as in a quantitative evaluation and 
comparison of the response of some simple 
lithospheric models to typical loads. 
Thus an approximate analysis is adequate 
for evaluating the apparent flexural 
rigidities, and we adopt for convenience 
a solution given by Nadai [1963, p. 301] 
for a load 
•r) q -- qo(1 + cos •-•A H(t) (34) 
The constant part can be neglected, and 
the resulting elastic and viscoelastic 
deformations are 
• = q cos(•) (35) e o psgX•+D 
ve = qo {1 - D P s g D+p gX • 
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stress state in 
7) . The stress 
12 
illustrated at the six interfaces 
figure for key to notation). The 
evolution of Or(r=0) with time. 
e • 
the three-layer elastic 
component 0 is 
r 
of the plate (see lower center of 
righthand side illustrates the 
.exp { -psg/•t/[•CD+p gini} (36) 
where X = RA/•. If the flexural rigidity 
is deduced from an analysis of gravity 
and bathymetry using the elastic model, 
then the elastic deformation (35) can be 
equated with (36) , evaluated at the 
present time, to give an effective 
flexural rigidity D 
eff 
-•4t/T (1+•4) Deff _ •4 e (37) 
-•4t/T (1+•4) D (1+• 4) - e 
where a = %/L = RA/•L , recalling that L• 
-- D/psg. This result is illustrated in 
Figure 9 as a function of the relaxation 
constant • and of the dimension of the 
load a. Some observations follow 
irareed iately: 
(1) The elastic analysis applied to a 
viscoelastic plate yields large effective 
D for young loads, and the crust appears 
to be weaker for old loads [see also 
Beaumont, 1979] . 
(2) As the load increases in wave- 
length, the elastic analysis of the 
viscoelastic plate underestimates D, 
implying a weaker crust. The lithosphere 
therefore appears to be strong under 
small seamount s. This wavelength 
dependence of the effective flexural 
rigidity should not be confused with any 
wavelength dependence that may result 
from a nonlinear rheology. 
(3) Assuming a viscosity of 10 26 P for 
the layer, the error in D resulting from 
the use of the elastic theory is about 
10% for a typical seamount with an age of 
106 years. For a seamount formed 107 
years ago the error is increased to about 
50% for small seamount s and more for 
loads of larger wavelength. 
(4) Elastic analysis yield acceptable 
results only if the seamounts are young 
and the viscosit• of the lithosphere is of the order 102 P or more. 
The small load results (• = 0.5) 
illustrated in Figure 9 are appropriate 
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8 
5•0 
b 
O•h( r=O ) with ree layer Fig. 8. Evolution of normalized time t* for the 
elastic- elastic-viscoelastic plate (model 
8). The notation for the six surfaces a-f 
at which the stresses are computed is the 
same as in Figure 7. 
for the Tasman seamounts for which 
minimal estimates of their ages probably 
range from 5x106 years for the youngest 
guyot Ga$coyne to 12xlO 6 years for 
Derwent Hunter. Thus the elastic 
solutions will give reasonable results 
only if the viscosity of the upper 
lithosphere exceeds 1027 P. The 
solutions for • = 1 given in Figure 9 are 
appropriate for the larger volcanic loads 
such as Tahiti and the Hawaiian Islands. 
In the case of Tahiti, where the aver- 
age age of the Tahiti Nui, Taiarapu 
Peninsula, and Morea complex is about 106 
years [Duncan and McDougall, 1976], the 
elastic solution of Lambeck [ 1981a] 
should give a reasonable result provided 
that the viscosity of the lithosphere 
exceeds about 1026 P. Lambeck noted that 
the geophysical evidence favored an 
element of local compensation of this 
load, implying either a condition of 
formation or that some relaxation has 
occurred and that the viscosity of the 
lithosphere may be less than 1026 P, 
possibly a consequence of higher 
temperatures in the lithosphere 
associated with the mantle hot spot near 
or below this load. The Southern Cook 
Islands loads are of an intermediate size 
and the youngest island of Rarotonga 
(about 3x106 years [Turner and Jarrard, 
1979]) has not yet been subject to very 
significant relaxation. On the other 
hand, the older islands of Mangaia and 
the Aitutaki-Mauke •roup (whose minimum ages range from 16x10 to 21x106 years 
[Turner and Jarrard, 1979]) would have 
been subject to significant relaxation, 
and this is indeed suggested by the 
results of Lambeck [1981b] . The small 
difference in ages of Rarotonga and the 
younger Tahiti may also explain why Def f 
for the latter exceeds that for 
Rarotonga. The older islands of the 
Hawaiian ridge and more so the Emperor 
seamounts whose ages run from about 10 6 
years to 6x10 ? years [Clague and Jarrard, 
1973] will also have undergone signifi- 
cant relaxation unless the 
lithosphere has a viscosity in excess of 
10 27 P. 
The above discussion illustrates that 
given sufficient time, a significant 
amount of stress relaxation will occur 
when the oceanic lithosphere is subject 
to loads on the scale of seamounts and 
that the effective flexural rigidity, 
based on elastic plate models, will 
decrease with time. The predicted 
behavior based on these viscoelastic and 
elastic-viscoelastic models explains semi- 
quantitatively the observations cited in 
the introduction and implies that the 
time constant of the ocean lithosphere is 
of the order of 10 ? years or that the 
lithospheric viscosity is of the order 
1026 P [Lambeck, 1981b] . As emphasized 
by Beaumont [1979] , the relaxation or 
creep need not be linear, since the 
rheology may be nonlinear and because the 
lithosphere is itself cooling with time 
and therefore subject to an evolution of 
both the elastic moduli and the thickness 
of the equivalent elastic plate. The 
analyses of the isostatic response of the 
island loads in the Society and Cook 
islands, the Tasman sea, and the Hawaiian 
Emperor seamount chains, seamounts which 
cover a wide range of load magnitudes, as 
well as of ages for both the loads and 
the lithosphere upon which they rest, are 
still not sufficient to separate the 
o.o 
o.1 
Age of load (106yr) 
Fig. 9. Ratio of the effective flexural 
rigidity to the elastic value for a 
viscoelastic lithosphere as a function of 
age of the load, wavelength of the load 
(curves 1,2,3 corresponding to • = 
0.5,1,5, respectively), and the time 
constant ß (a, •=10e; b, •=107; c, •=10 e 
years) . 
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various factors that determine the 
isostatic response. A preliminary 
investigation has indicated that this 
separation of effects may be possible by 
the addition of other seamounts but this 
will be discussed elsewhere. 
Appendix 
Consider a plate comprising three 
layers, the first two (i-- 1,2) being 
elastic and the third (i -- 3) visco- 
elastic, overlying an inviscid fluid. 
The solution of the deformation of this 
plate follows from the three layer 
elastic solution and the correspondence 
principle. Denoting the depths of the 
lower surfaces of the three layers, 
measured with respect to the upper 
surface of the plate, by d i and the 
elastic moduli by •i' vi then from (Sa) 
and (Sb) and with c• i = •i )l-Vi ) 
A-- A' + 2•3(d3-d2) 
2 2 
B -- B' + •3 (d3 -d2 ) (A1) 
with 
2 3 3 C = C' + • •3(d3 -d2 ) 
A' = 2C•ld 1 + 2c•2(d2_dl ) 
2 2 2 B' = •ldl + •2(d2 -dl ) (A2) 
2 3 2 3 3 C' = • •ldl + • •2(d2 _dl ) 
Since the third layer i•s viscoelastic, • = •3s/( s+T -z) or c• 3 = 2•3s/( s+ T- 
assuming, as before, that this layer is 
incompressible. The corresponding 
operators are 
^ 
A = A .s + A'/%A 
-1 S + T 
^ s + B'/TB B -- B 
-1 
s + T 
^ s + C'/TC C = C 
-1 
s + T 
(A3) 
The flexural 
by (32) or 
rigidity operator is given 
^ 
D = D f (s) 
where 
f(s) = 
Sa + œ S + œ 
1 
2 
s + œ s + œ 
2 
and 
1 
z DA• 
(A'/C + C'/A- 2B'B) 
= 1 (A'/A + 1) 2 T 
1 
œ = (A'C' - B '2) 
S DAy2 
a ! 
œ = 
• AT2 
Substituting (A1) into (16) gives 
p •h 1 
+ f 
and the inverse Laplace and 
transformations of this equation 
the deflection as 
(A4) 
Hankel 
yield 
•(r,t) -- 0•ha f U(u,t) 
0 u=0 
s 
where 
F(au) -- 
with 
U(u,t) = a 
.F(au) J (ux) du (A5) o 
J1 (au) for a disc load 
4. j (au) 2 j (au) (au) 2 1 o au 
for a parabolic load 
¾ t ¾ t 
+ a e 1 + a e 2 
0 • z 
1 1 + u• 
l+u • T ( l+u • ) z 
2 
+¾ u • ¾s¾1 • 
T (l+u•) 2 ¾ (¾ -¾ ) 
! 1 2 
• Y Y +Y 
u 2 3 •, 
:(l+u s)•- ¾ (¾ -¾ ) 
2 ! 2 
- (z +u• ) + 
2 
2(l+u • ) 
((g +u•œ )2-4(1+u•)(œ +u•œ ))% 
2 ! • 3 
2(l+u • ) 
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The Laplace transform of stresses in the 
kth layer are, analogous to (25), 
O r (ux) 
-2•kZ p•ha oo -- J F(au) 
u--0 
G O (ux) j
where 
^ 
U(u, s) du 
(A6) 
J (ux) 
G (ux) = -u 2{J (ux)-(1-• k) I ' r o ux' } 
J1 (ux) 
08<ux) -- -u 2{•k J (ux)+<I-v) } o k ux 
It is important to note that in the 
layered plate the neutral reference 
plane, with respect to which the z 
coordinate is measured does not lie in 
the middle of the plate because of the 
nonhomogeneity in the vertical direction. 
The neutral plane should be defined as 
the plane on which the stresses o r , 08 
vanish, or alternatively, it is the 
surface with zero stretching. Therefore 
the first moments of ek (k = 1,2, ... ) 
with respect to this plane should vanish, 
i.e., 
3 
• • ei z d z = 0 
i=l z 
(A7) 
Equation (A7) yields the distance between 
the neutral plane and the top surface of 
the layered plate as B/A, where A 
and B are defined by (A1). Hence the z 
coordinates of the four surfaces of the 
three-layer plate are 
Az = d - B/A (i = 0,1,...3) i 
where d0 -- 0 and d!, dz, d3 are the 
depths of the three lower surfaces with 
respect to the uppermost surface at z 0 . 
Using the correspondence principle and 
noting that the bottom layer is visco- 
elastic, the L•a•lace transform of Az 
becomes A• = d t - B/A and 
^ 1 
Az = Az + z 1 s + A'/TA (AS) 
where 
1 
z 1 = - • (B'/A- A'/B) 
Substituting (AS) into (A6) and using 
the convolution theorem in taking the 
inverse Laplace transform yield the 
stresses in the elastic layers (k = 1,2) 
and the viscoelastic layer (k = 3) as 
(A9) 
C (k) G r (ux 
r •k 0•ha oo 
=-2 l_gk 0 LZ f A (k) (u,t) F(au) du 
o•k) s u 0 (ux)J 
where for k -- 1,2 and with v = A'/AT 
z z 
rk) • A' (u t) = (Az+--k)a0+(Az+ ' v v+• ) 
1 
¾ t z ¾ t 
.a e 1 + (Az +.. 1 ) a e 2 
• v+¾ 2 
a a a 
-- z (• + • • )e 1 v+¾ + v+¾ 
1 2 
-vt 
and 
z ¾ t (3)(u,t) = b (Az + • )e • 
• v+¾ 
z ¾ t z 
+ b (Az+ 1 2 (Az+ 1 :• v+¾ ) e + b a _1 2 V-T 
-t/% )e 
b b b 
3 -vt ( 1._ 2 
- z v+• +v• -+ ')e --1 ! 2 V-T 
i/(1+ 7 
b = a ¾ %/(1+¾ %) 
2 2 2 2 
b = a + a /(1+¾ T)+a /(l+y •) 
3 0 1 1 2 2 
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